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s t a r t i ng  va lue  of a, a n d  t h e  a v e r a g e  slope of t h e  high-  
a n d  low-angle  p a r t  of t h e  cu rve  t h r o u g h  t h e  t a b u l a t e d  
d a t a  as s t a r t i ng  va lues  of b a n d  c, respec t ive ly .  

S t a r t i n g  f r o m  these ,  a l eas t - squares  r e f i n e m e n t  con- 
v e r g e d  in a b o u t  f ive cycles  to t h e  f inal  values ,  excep t  
in t h e  cases of t h e  smal les t  va lues  of/~R, whe re  t he  curve  
is essen t ia l ly  a s t r a igh t  line. Progress  of t h e  r e f i n e m e n t  
of t h e  cons t an t s  was  fol lowed b y  inspec t ion  of t he  
c o n s t a n t s  a n d  t h e  r .m.s ,  r e l a t ive  d i s c r e p a n c y  b e t w e e n  
obse rved  a n d  ca lcu la t ed  values  of #R a f t e r  e v e r y  cycle .  
As a f inal  s a f egua rd  (Ao*bs-- * * Acalc)/Aobs was c h e c k e d  for  
all d a t a  in t h e  Tables .  I n  no case d id  th is  q u a n t i t y  
exceed  1%, so t h a t  even  in t h e  m o s t  u n f a v o u r a b l e  cases 
( those w i t h  h igh  /~R) t h e  s t r u c t u r e  fac tors  c o m p u t e d  
w i t h  t h e  use of our  cons t an t s  will no t  be in e r ror  b y  

Table  1. Analytical constants for the absorption 
correction factor for spherical crystals 

r , m , s .  

#R A'o=0 a b c dev. 
0.0 1.00 1.000 0.0000 0.0000 0.0% 
0.1 1.16 1.160 0-0000 0.0000 0.0 
0.2 1-35 1.426 0.0361 0.5831 0.3 
0.3 1.56 1-625 0.0581 0.6316 0.1 
0.4 1.80 1-820 0.0650 2.3688 0.3 
0-5 2.08 2-115 0-1053 0.6462 0.5 
0.6 2.39 2.427 0.1395 1-4448 0-2 
0.7 2.75 2-812 0.1954 4.2075 0.4 
0.8 3.15 3.157 0-2159 4.6021 0-1 
0.9 3.61 3.595 0.2592 6.1161 0.1 
1.0 4.12 4.058 0-2984 3.0039 0.1 
1.1 4.70 4.508 0.3304 2.7231 0.1 
1.2 5.35 5.021 0.3670 2.9234 0.1 
1.3 6.08 5.671 0-4191 3.7131 0.1 
1-4 6.90 6.253 0.4531 3.7853 0.1 
1-5 7.80 6.872 0.4869 3.8224 0-I 
1.6 8.81 7-620 0.5317 4.2486 0.1 
1.7 9.92 8.314 0.5646 4.3171 0.1 
1-8 11.2 9-219 0.6145 4.9735 0-2 
1.9 12.5 9.839 0.6310 4.5913 0.2 
2-0 14-0 10-80 0-6765 5-0185 0-2 
2.1 15.6 11.73 0.7125 5-2362 0.2 
2.2 17-4 12.69 0.7469 5.5129 0.1 
2.3 19.4 13-81 0.7889 6.1126 0.2 
2.4 21.5 14.85 0.8209 6-2846 0.2 
2.5 23.8 15.96 0.8542 6.5276 0.3 
2-6 26.3 17.26 0.8953 7.0784 0.3 
2.7 29.0 18-37 0.9211 7.2568 0.4 
2.8 31.9 19.68 0.9554 7.6692 0.4 
2.9 35.0 20-94 0.9844 7.8883 0.5 
3"0 38.4 22-27 1.0128 8.2616 0.5 

Tab le  2. Analytical constants for the absorption 
correction factor for cylindrical crystals 

r . m . s .  

/~R A *O=o a b c dev. 
0.0 1.00 1-000 0.0000 0.0000 0.0% 
0.1 1.18 1.180 0.0000 0.0000 0-0 
0.2 1.40 1.503 0.0607 0.9750 0.4 
0.3 1.65 1-615 0-0123 1.8912 0.5 
0.4 1.95 1-979 0.0874 2.6509 0.1 
0.5 2.29 2.320 0.1229 5.1682 0.1 
0.6 2.69 2.721 0.1677 5.4849 0.1 
0-7 3.16 3.177 0.2152 13.015 0.1 
0.8 3-70 1.850 0.2731 0.2567 0.2 
0.9 4.33 0.973 0.3312 0-3281 0.3 
1.0 5.06 4.804 0-3538 2.6397 0.2 
1.1 5.90 5.302 0.3823 2.1766 0.1 
1.2 6.86 6.094 0.4393 2.7487 0.2 
1.3 7.96 6.810 0.4792 3.0203 0.1 
1.4 9.23 7.716 0-5327 3.5630 0.3 
1.5 10.7 8.808 0.5971 4.3757 0-1 
1-6 12-3 9-634 0.6276 4.3361 0-2 
1.7 14.2 10.82 0-6845 4-9628 0-2 
1.8 16-3 11.98 0-7310 5.3459 0.2 
1.9 18-6 13.11 0.7701 5-5386 0.2 
2.0 21.3 14-47 0.8184 6.0845 0.2 
2.1 24.2 15-82 0.8600 6.4849 0.2 
2.2 27.5 17.22 0.8997 6-8418 0.3 
2.3 31.2 18.72 0.9405 7-3176 0.3 
2.4 35.3 20-45 0.9887 7.8436 0.5" 

m o r e  t h a n  0.5%, a n d  usua l ly  b y  c o n s i d e r a b l y  less t h a n  
t h a t .  I t  should  be n o t e d  t h a t  t h e  or iginal  d a t a  in t h e  
tab les  are  in some places  on ly  a c c u r a t e  to  w i t h i n  0.5% 
owing  to  round-of f .  

Our  Tables  1 a n d  2 c o n t a i n  t h e  fol lowing i n f o r m a t i o n  
in t h e  consecu t ive  co lumns :  t h e  va lue  of ~R  for  w h i c h  
t h e  cons t an t s  were  c o m p u t e d ;  t h e  va lue  of A~=o, 
a, b, c, a n d  t h e  r .m.s ,  va lue  of * * * (A obs - -  A calc)/A obs over  
t h e  19 en t r ies  for  t h e  pa r t i cu l a r  va lue  of /~R.  

We  are  p l ann ing  to  e x t e n d  th i s  w o r k  to  a f i ve -cons t an t  
f o r m u l a  (Moore, 1963) a f t e r  a f o r t h c o m i n g  change  of 
c o m p u t e r .  
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I_~ a r e c e n t  p a p e r  on a u t o m a t i c  d i f f r a e t o m e t e r  p r o g r a m s  
(Cetlin & A b r a h a m s ,  1963), two  f o r m u l a e  were  g iven  for  
c o m p u t i n g  the  v a r i a n c e  in t h e  m e a n  s t r u c t u r e  a m p l i t u d e .  
I n  t h e  n o t a t i o n  of t h a t  paper ,  a~(/~) gave  t h e  v a r i a n c e  
due  to  a Poisson d i s t r ibu t ion  in t h e  c o u n t i n g  s ta t i s t ics  
a n d  V(/~2) gave  t h e  va r i ance  due  to  those  effects  t h a t  

are  u n e q u a l  w i t h  r e spec t  to  ref lec t ions  c o n s t r a i n e d  b y  
s y m m e t r y  to  be equ iva l en t .  I t  was  also sugges ted  t h a t  
t h e  v a r i a n c e  ra t io  V(F2)/a2(/~2) be u sed  as an  i nd i ca to r  
of s y s t e m a t i c  error ,  l_n prac t ice ,  t h e  F - d i s t r i b u t i o n  could  
n o t  be i n t e r p r e t e d  sa t i s fac tor i ly .  Tab le  1 (co lumn 4) 
i l lus t ra tes  p a r t  of t h e  v e r y  wide  r ange  f o u n d  in a t y p i c a l  
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Table  1. Structure factors and error measures in ludlamite 

hkl a2(_F ~) V(/TM) V(F2)/a~(F 2) F I'(V(-F)) a(F)  
201 0.832 × 107 2.104 × l0 s 25.296 970 7-5 1.5 
603 0.644 × 108 5.922 × 10 ~ 0.919 I551 2-5 2.6 

6,0,13 0.488 x 107 2.714 x 104 0.006 184 0.4 5-9 

s t u d y  (on lud lami te ,  us ing  a re la t ive  scale). I t  m a y  be  
n o t e d  t h a t  t h e  large  ind iv idua l  va lues  of t h e  s t r uc tu r e  
a m p l i t u d e  va r i ances  in co lumns  2 a n d  3 are  equ iva l en t  
to  t h e  fa i r ly  smal l  ' s t a n d a r d  dev ia t ions '  in co lumns  6 
a n d  7. The  larges t  ' s t a n d a r d  dev ia t ion '  in c o l u m n  6 is 
0 .8% of [_P(20T)[ a n d  in co lumn  7 is 3-2% of I/~(6, 0, 13)!. 

A more  real is t ic  measu re  of t h e  er ror  in t he  m e a n  
s t r uc tu r e  fac to r  inc ludes  th ree  d i s t inc t  sources of error .  
Source  1 is r a n d o m ;  source 2 is s y s t e m a t i c  and  aniso- 
t rop ic ;  source  3 is sy s t ema t i c  a n d  isotropic .  Source  1 
inc ludes  (a) t h e  Poisson d i s t r i bu t ion  in each  Nj ,  w h i c h  
is g iven  b y  a~(F-~); (b) s h o r t - t e r m  va r i a t ions  in t he  X - r a y  
supp ly ;  a n d  (c) s h o r t - t e r m  va r i a t i ons  in t h e  s tab i l i ty  of 
t h e  e lec t ronic  r eco rd ing  sys tem.  F o r  P E X R A D ,  an  ad- 
e q u a t e  m e a s u r e  of the  va r i ance  in l ( b ) +  l(c) is o b t a i n e d  
f rom the  r ep roduc ib i l i t y  w h i c h  is t yp i ca l l y  a b o u t  0-005F 
(Abrahams ,  1964), i.e. t he  va r i ance  in t he  s t r u c t u r e  
a m p l i t u d e  due  to s h o r t - t e r m  ins t ab i l i t y  is V(S)= 10-a/~4. 
Source  2 con ta ins  (a) va r i a t ions  in t he  effective~ radi i  (r) 
f rom the  m e a n  r ad ius  (~) for an  imper fec t  sphere,  or in 
t he  actual l inear  d imens ions  of a p o l y h e d r o n  f rom the  
m e a s u r e d  values .  Such  va r i a t ions  m a k e  t h e  abso rp t ion  
cor rec t ion  s y s t e m a t i c a l l y  in er ror  for each  ref lec t ion  for 
w h i c h  r~ :~ ;  (b) va r i a t ions  in ex t inc t ion ,  a n o m a l o u s  dis- 
pers ion  a n d  mu l t i p l e  sca t t e r ing  w i t h  c rys ta l  d i r ec t ion ;  
a n d  (c) va r i a t i ons  in t he  spec t ra l  d i s t r i bu t ion .  All t he  
an iso t rop ic  sy s t ema t i c  er rors  are  g iven  b y  V(p2), excep t  
for t h e  t r ic lhl ie  case as po in t ed  ou t  by Jc f f e ry  (1964). 

Group  3 inc ludes  (a) incor rec t  va lues  of # (i.e. experi-  
m e n t a l  or extrapolation errors in International Tables) 
a n d / o r  b r e a k d o w n  of t he  a d d i t i v i t y  re la t ion  /~ = 
DmXp(/*/@); (b) incor rec t  va lue  of m e a s u r e d  ~ as com- 
p a r e d  w i t h  t he  m e a n  of all t he  effect ive radi i ;  (c) scat-  
t e r ing  rece ived  by  t h e  coun t e r  of w a v e l e n g t h s  d i f fe rent  
f rom the  g iven  ~t; (d) t h e r m a l  diffuse sca t t e r ing  (this 
could  also have  a n  an iso t rop ic  c o m p o n e n t ) ;  (e) incor rec t  
ex t i nc t i on  p a r a m e t e r s ;  a n d  (f)  long- te rm dr i f t  in  t he  
s t ab i l i ty  bo th  of t h e  X - r a y  supp ly  a n d  of t he  e lec t ronic  
r ecord ing  sys tem.  The  pub l i shed  va lues  of #/@ are  prob-  
ab ly  in e r ror  by  a b o u t  2-5 % (el. International Tables for 
X-ray Crystallography, 1962). Fo r  an  er ror  of 2%,  t he  
resu l t ing  sy s t ema t i c  e r ror  in A*  for #~ = 1 is 1 % ;  for an  
e r ro r  of 5% in #/@, t he  co r respond ing  e r ror  in A*  is 
2 .5%.  F o r  abso lu te  m e a s u r e m e n t s ,  a n d  for larger  I~r$, 
t he  e r ror  in A *  is larger .  Le t  us  assume #/q is in e r ror  

t The effective radius here is that length which gives the 
correct transmission factor 

where # is the correct linear absorption coefficient, for a 
particular reflection. 

:~ In  this case, the percentage error is a function of 0. 

by  3%.  T h e n  t h e  resu l t ing  va r i ance  in _p9 is V(/~)= 
9 × 10-4/~4. The  e r ror  in ~ can  be d i r ec t ly  e s t i m a t e d  by  
ave rag ing  m a n y  microscopic  m e a s u r e m e n t s ,  a n d  is com- 
pa rab le  to  t h e  above  e r ror  in /~/@. I n  f avorab le  cases, it  
can be r educed  to  1 - 2 % .  :In t he  wr i t e r ' s  exper ience ,  for 

< 0.2 ram,  this  is usua l ly  a lower  l imit .  Fo r  an  e r ror  in 
of 3%,  t h e  r e su l t ing  va r i ance  in F~ is V(~ )=9  × 10-4P 4, 
in t he  case /~r = 1. Spect ra l  c o n t a m i n a t i o n  in (c) is ex- 
p e r i m e n t a l l y  r e d u c e d  to  a small  va lue  in P E X R A D  and  
is p r o b a b l y  less t h a n  a b o u t  1%,  co r respond ing  to  a 
va r i ance  of V(A)=4  x 10-4F 4. The  errors  due  to  (d) a n d  
(e) are  diff icul t  to  e s t ima te ,  bu t  could  be t a k e n  a t  a 
n o m i n a l  1% w i t h  V(T ,E)=4 x 10-4/~4. The  er ror  in ( f )  
is small  in P E X R A D ,  and  genera l ly  is less t h a n  the  shor t -  
t e r m  va r i a t ions  in X - r a y  supp ly  and  e lec t ronic  s tab i l i ty .  

Assuming  no cor re la t ions  a m o n g  these  d i f fe ren t  var i -  
ances,  t he  to t a l  va r i ance  in t he  va lue  of Fmeas is g iven  
b y  

V(P~e~s) = a~(P~) + V(S) + V(~)  + V(~) 
+ V(~) + 1/(4) + V(T, E) 

and  subs t i t u t i ng  t h e  e s t i m a t e d  n u m e r i c a l  va lues  above ,  

V(/~2meas) --a2(F ~) + V(_F 2) + 27 x 10-4F 4 . 

Def in ing  the  bes t  e s t i m a t e d  er ror  in -Pmeas as 

~(F~o~) = V[ V ( F ~ ) ] / 2 F ,  

t he  resu l t ing  errors  in t he  Xt~meas g iven  in Table  1 b e c o m e  
d(_P(20T))=26 or 2-7% IF(201)[; &(/7(603)) = 40 or 2-6% 
I/~(603)[ a n d  ~(/~(6, 0, 1 3 ) ) = 8  or 4-4% [_P(6, 0, 13)]. 

The  i m p o r t a n c e  of abso rp t ion  as a p r i m a r y  source of 
e r ror  has  been  r ecen t ly  emphas i zed  by  MacGi l l av ry  
(1963), B u r b a n k  (1964), a n d  Je f f e ry  & Rose  (1964). 
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